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Abstract 

Let X be an 1-convex surface and p : X — > X an (unbranched) 
covering map. We prove that if X does not contain an infinite Nori 
string of rational curves then X satisfies the discrete disk property. 



1 Introduction 

Let X be a 1-convex surface, i.e. a two dimensional complex manifold which is 
strongly pseudoconvex. Then X is a proper modification of a 2-dimensional 
normal Stein space at a finite set of points. Let p : X — >■ X be an (un- 
branched) covering map. We are interested in this note to study the convex- 
ity properties of X. 

It was remarked in [1] that in general X is not weakly 1-complete (i.e. 
it might be possible that there is no plurisubharmonic exhaustion function 
on X). This is due to the fact that X might contain an infinite Nori string 
(necklace), that is a 1-dimensional connected complex subspace which is non- 
compact and has infinitely many compact irreducible components. However 
the main result in [1] shows that X can be exhausted by a sequence of 
relatively compact strongly pseudoconvex domains with smooth boundary 
(X is p 3 -convex in the terminology of [1]). In particular X satisfies the 
continuous Kontinuitatssatz (the continuous disk property). 

In this paper we investigate the discrete disk property for X. The main 
result can be stated as follows (see Theorem [2]): If X does not contain an 
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infinite Nori string of rational curves then X satisfies the discrete disk prop- 
erty. 

It should be noted that the discrete disk property is a much stronger 
condition than the continuous one. 

2 Preliminaries 

All complex spaces are assumed of bounded dimension and countable at 
infinity. 

Let X be a complex manifold. We recall that X is said to be 1-convex if 
there exists a C°° function (f> : X — > R such that: 

a) (f> is an exhaustion function (i.e. {0 < c} CC X for every c G R), 

b) is strongly plurisubharmonic (its Levi form is positive definite) outside 
a compact subset of X. 

It is known (see [9]) that this is equivalent to the following condition: there 
exists a proper surjective holomorphic map n : X — > Y where Y is a normal 
Stein space with finitely many singular points and there exists a finite subset 
of Y, B, such that ir induces a biholomorphism from X \ 7r _1 (i3) to Y \ B. 
7r _1 (.B) is called the exceptional set of X. 

A complex space X is called holomorphically convex if for every discrete 
sequence {x n } in X there exists a holomorphic function / : X — > C such 
that lim^oo \f(x)\ = oo. 

We denote by A the unit disk in C, A = {z G C : \z\ < 1} and for e > 
by A i+e the disk A i+e := {z G C : \z\ < 1 + e}. 

Definition 1. Suppose that X is a complex space. We say that X satisfies the 
discrete disk property if whenever f n :U-^Xisa sequence of holomorphic 
functions defined on an open neighborhood U of A for which there exists an 
e > and a continuous function j : S 1 = {z £ C : \z\ = 1} — > X such that 
Ai +e C U , U n >i /n(Ai+ e \ A) is relatively compact in X and /„i S i converges 
uniformly to 7 we have that U n >i /n(A) is relatively compact in X . 

This definition of the disk property using coronae instead of the boundary 
dA of the unit disk is natural as one sees looking at the example f n : C — > C, 
f n (z) = z n which is a sequence that converges to if \z\ < 1 and diverges 
otherwise. 

For e > we define H e C C x R as 

H e = A 1+e x [0, 1) [j{z G C : 1 - e < \z\ < 1 + e} x {!}. 
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Having in mind the definition of the continuity principle (see for example 
[7], page 47) we introduce the following: 

Definition 2. A complex space X is said to satisfy the continuous disk prop- 
erty if whenever e is a positive number and F : H e — > X is a continuous func- 
tion such that, for every t e [0, 1), F t : A 1+e — > X, F t (Z) = F(z,t), is holo- 
morphic we have that F(H ei ) is relatively compact in X for any < E\ < e. 

Clearly the discrete disk property implies the continuous one but as it is 
shown by the example of Fornaess (see [6]) of an increasing union of Stein 
open subsets that does not satisfy the discrete disk property the discrete 
disk property is a much stronger condition. (It is not difficult to see that 
an increasing union of open subsets of a complex space X, each one of them 
satisfying the continuous disk property, satisfies the continuous disk property 
The proof is pretty much the same as the proof of Theorem 3.1, page 60 in 

00 

The following theorem was proved in [2] and [8]. 

Theorem 1. Let ix : X — > T be a proper holomorphic surjective map of 
complex spaces, let to G T be any point, and denote by X to : = 7r _1 (to) the 
fiber of n at to- Assume that dimX t() = 1. Let a : X — >■ X be a covering 
space and let X t() = a^ 1 (X to ). If X to is holomorphically convex, then there 
exists an open neighborhood Q of to such that (7roo-) _1 (fi) is holomorphically 
convex. 

The next result was proved in [TJ. 

Proposition 1. Let X be an 1-convex manifold with exceptional set set S 
and p : X — > X any covering. Then there exists a strongly plurisubharmonic 
function 4> '■ X — > [— oo, oo) such that p~ 1 (S) = {(/) = — oo} and for any open 
neighborhood U of S, the restriction 4 > \x\ p -^(u) ^ s an exhaustion function on 

x\ P -\u). 

We recall that a topological space X is called an ENR (Euclidean Neigh- 
borhood Retract) if it is homeomorphic to a closed subset X\ of W 1 for some 
n such that there is an open neighborhood V of X\ and a continuous retract 
p : V — y X\. For basic results regarding ENR's we are referring to [5]. It is 
proved there that a locally compact and locally contractible subset of M n is 
and ENR and that if a Hausdorff topological space X is covered by count- 
able family of locally compact open subsets each one of them homeomorphic 
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with a subset of fixed Euclidean space then X is an ENR. In particular every 
complex space of bounded dimension is an ENR. 
Lemma [1] was proved in [3] . 

Lemma 1. If X is an ENR and {7 n }n>i ; 7n : S 1 :— > X , is a sequence of 
null-homotopic loops converging uniformly to 7 : S 1 — >■ X then 7 is null- 
homotopic. Moreover given a covering p : X — > X there exists liftings j n for 
7„ and 7 for 7 such that % converges uniformly to 7 

This lemma can be applied in particular if X is a complex space (by the 
above discussion). 

Definition 3. Let L be a connected 1-dimensional complex space and ULi 
be its decomposition into irreducible components. L is called an infinite Nori 
string if all Li are compact and L is not compact 

It is clear that a 1-dimensional complex space is holomorphically convex 
if and only if it does not contain an infinite Nori string. 

We recall that a compact complex curve is called rational if its normal- 
ization is P 1 . 

3 The Results 

Lemma 2. // L is 1-dimensional complex space that does not contain an 
infinite Nori string of rational curves then L has a holomorphically convex 
covering space. 

Proof. Step 1. We assume that L is connected and all its irreducible com- 
ponents are compact not rational. Let L = (J igJ A be the decomposition 
of L into irreducible components and A = {x G L : 3i\, i<i G /, i\ ^ 
Z2, such that x G L ix fl L i2 }. Let pi : Lj — > Li be the universal cover of 
Li. Since Lj is not rational for all i G / we have that Lj is Stein. For 
each x G A fl Lj, we choose a bijection r(x, i) : Z — > p^(x) and we write 
t(x, i)(k) = (k, x, i). 

On the disjoint union S := \_\ ieI Li we define the projection p : S — > L 
induced by i G /. We also define an equivalence relation on S by defining 
the equivalence classes as follows: if s G S is such that p(s) G" A then s = {s}. 
Note that on p~ l (A) we have a map £ : p~ l (A) — > Z which is nothing else 
then the projection on the first component. Then if p(s) G A and £(s) = fc 
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we set s = {(k,x,i) : x G L^i G I,p(s) = x}. We let L to be the quotient 
space of S and p : L — > L the application induced by p. It is not difficult to 
see that p is a covering and L is Stein. 

Step 2. All irreducible components of L are compact and not rational. 
In this case we apply the above procedure to each connected component. 

Step 3. The general case. Let V be the union of all irreducible com- 
ponents of L that are compact and not rational and {Cj}j & j the connected 
components of V . For each j 6 J let pj : Cj — > Cj the Stein coverings 
obtained at the first step. Let also L" be the union of the other irreducible 
components of L. We set Tj = L" n Cj. (Note that Tj might be empty.) 
If Tj 7^ we consider in Cj infinitely many disjoint copies {V? : a G Z} of 
Tj. (Each r° is in bijection via pj with Tj.) We glue now infinitely many 
copies \L" a : a G Z} of L" to Cj on {T" : a G Z} and we obtain in this way 
a holomorphically convex covering of L. 

□ 

Lemma 3. Suppose that X and X are Hausdorff topological spaces and p : 
X — > X is a covering. Let % : S 1 — > X, 7„ : S 1 — > X , n > 1, 7 : S 1 — > X , 
7 : S 1 — > X be continuous functions such that 7„ = p o 7 = p o 7 and 
a G S l be a fixed point. If 7„ converges uniformly to 7 and %(a) converges 
to 7(a) then 7„ converges uniformly to 7. 

Proof. Let fl = {i G S 1 : lim n ^ 00 7 n (t) = 7(t)}. We will show first that 
Q — S 1 . As a G we have that f2 7^ 0. We prove that f2 is open in S 1 . 
Let t G f2 and let Vo a neighborhood of 7(^0) which is evenly covered by 
IjVfc. Let Qq a connected open neighborhood of to such that for n large 
enough 7 n (f2o) C Vo and 7(^0) C Vo- It follows that 7 n (^o) C IJ^fe- As 
7 n (fio) and 7(^0) are connected we have that for each n there exists k n such 
that 7„(fio) C T4 n and there exists k such that 7(^0) C Vfc . However we 
assumed that t £ ^ an d therefore for n large enough 7 n (to) £ V^oj hence 
Vk n = Vfc . Since p : \4 — )■ Vo is a homeomorphism we conclude that 7 n 
converges uniformly to 7 on f2o- This shows that fio C and hence Q is 
open. 

Next we show in a similar fashion that is closed. Let t E S 1 \ f2. 
As before we choose V\ a neighborhood of 7(^0) which is evenly covered by 
|J Vfe, Qq a connected open neighborhood of to such that for n large enough 
7n(^o) C Vo, fc n and A; such that %{Q ) C t4„ and 7(^0) C V\,. If V fcn = V fco 
for every n we would have that % converges uniformly to 7 on Q hence at 
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to and this would contradict t (jL Q. There exists then a subsequence j Hp 
such that % p (Q ) n V}~ — and from here we get that Q C S 1 \ Q. Hence 
Q is closed and therefore Q = S 1 . 

Note that when we proved that Q is open we actually proved that each 
t G f2 = S 1 has an open neighborhood flo such that on this neighborhood 
7 n converges uniformly to 7. The compactness of S 1 implies then that 7 n 
converges uniformly to 7 on 5 1 . □ 

Lemma 4. Suppose that S is a complex space that has a holomorphically 
convex covering p : S — > S. If Q C C is an open neighborhood of A and 
f n :Q-^Sisa sequence of holomorphic functions which converges uniformly 
on {z G C : \z\ = 1} then [J / n (A) is relatively compact in S. (In particular 
S satisfies the discrete disk property.) 

Proof. Let 7 : {z G C : \z\ = 1} — > S be the limit of {f n } on {z G C : \z\ = 
1}. It follows from Lemma [1] that 7 is null- nomotopic. We choose a point 
a G {z G C : \z\ = 1}. Let e be a positive number such that A 1+e C Q, 
f n : A i+e S and 7 : {2 G C : |^| = 1} — > S be liftings of f n and 7 
respectively. We choose f n and 7 such that f n converges uniformly to 7 on 
{^gC:|2;| = 1}. This is possible by Lemma [TJ As S is holomorphically 
convex this implies that [J n / n (A) is relatively compact in S and therefore 
[J n / n (A) is relatively compact in 5. □ 

Theorem 2. Let X be a 1-convex surface and p : X X be a covering 
map. If X does not contain an infinite Nori string of rational curves then X 
satisfies the discrete disk property. 

Proof. Let L be the exceptional set of X. Without loss of generality we 
may assume that L is connected. Let Y be a normal Stein complex space of 
dimension 2 and n : X — > Y a proper surjective holomorphic map such that 
7r(L) = {y } and n : X \ L — > Y \ {y } is a biholomorphism. We may assume 
that Y is an analytic closed subset of C N . 

We put L := p _1 (L). Since we assumed that L does not contain an in- 
finite Nori string of rational curves it follows from Lemma |2] that L has a 
holomorphically convex covering p : L — >■ L. We choose U\ an open neigh- 
borhood of L in X that has a continuous deformation retract on L. We 
let £7i = p^iUi) and then f/i has a continuous deformation retract on L, 
p : U\ — > L. By considering the fiber product of p and p we obtain a covering 
U\ of U such that the pull-back of L is L. We apply then Theorem [1] and 
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we deduce that there exists U C Y an open neighborhood of y such that 
(-7T °p)~ l (U) has a holomorphically convex covering. 

Let f n : Ai +e — > X, n > 1 be a sequence of holomorphic functions such 
that IJn>i /n(Ai+e \ A) is relatively compact in X and f n i S i is uniformly 
convergent. We argue by contradiction and we assume that U n >i/ n (A) is 
not relatively compact in X and hence U n >i/ ra (A 1+e ) is not relatively com- 
pact. By passing to a subsequence we may assume that Ufc>i/ njt (Ai +e ) is not 
relatively compact in X for every subsequence {fn k }k of {f n }n- 

Since op o / n )(Ai +£ \ A) is relatively compact in Y, hence in C^, by 
the maximum modulus principle we have that |J(7ropo/ n )(A 1+e ) is relatively 
compact in Y and then it follows that there exists a subsequence of {f n }n, 
{fnjk such that Tvopo f nk converges uniformly on compacts to a holomorphic 
function g : D e — >• Y '. Without loss of generality we can assume that nopo f n 
converges uniformly on compacts to g. We distinguish three cases. 

Case 1. g = y . Then (n o p o / n )(A 1+£1 ) C 17 for ei G (0, e) and n large 
enough. Therefore we can apply Lemma HI 

Case 2. g(z) ^ y for every z G A 1+e . Then there exists a neighborhood 
of yo and ei G (0, e) such that g(A 1+ei ) PI V = 0. Then for n large enough 
we get that 7ropo/ n (A 1+£1 ) nF = and hence / n (A 1+e J fl {Kop)- l (y) = 0. 
We consider now a plurisubharmonic function on X with the properties 
given in Proposition [TJ In particular its restriction to X \ (*7r op) _1 (y) is an 
exhaustion. Applying the maximum principle to (j)of n we obtain immediately 
that \J f n (A) is relatively compact. 

Case 3. g ^ y and y G p(A i+e ). Then g^iyo) is a (non-empty) discrete 
subset of Ai +e and therefore there exists e\ G (0, e) such that ^ _1 (yo) H {z G 
C : = l+e x } = 0. We set ^" 1 (2/ )n{z G C : \z\ < 1+ei} = {Ai, A 2 , . . . , A s }. 
Let r±, . . . ,r s be positive numbers such that the discs Aj = {z G C : \z — 
\j\ < Tj}, j = 1,2, ... ,s are pairwise disjoint, Aj C Ai +ei and g(Aj) C U. 
Let V C Y be an open neighborhood of yo such that V C U and g({z G 
A 1+(E1 : \z — \j\ > Tj Vj = 1, .., s}) D V = 0. Then for n large enough we 
have that (n o p o f n )({z G Ai +£l : \z — Xj\ > Tj Vj = 1, .., s}) fl V = 0. 
We apply again Proposition [1] and we obtain a plurisubharmonic function 
cj) : X — > [— oo, oo) such that L = {<fi = — oo} 0|x\( 7 ro P )- 1 (y) i s an exhaustion 
function on X \ (tt o p) _1 (Y). Since |J f n (Ax +t \ A) is relatively compact 
there exists a positive constant M such that (j> o f n (z) < M for every n 
and every ^ G Ai +e \ A. From the plurisubharmonicity of (f) we have that 
( t ) °fn(z) < M for every z G A 1+e , hence in particular for z G A 1+ei \Uj=i ^j- 
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As /n(Ai +ei \UJ=i A,) C X\(tto P ) 1 (V) and 0|^ (7rop) _ 1(v) is an exhaustion 
we deduce that [J f n (Ai +ei \ Uj=i A?) * s relatively compact in X. 

For j = 1, . . . , s we set Sj = {z G A 1+ei : |z— Aj | = rj} and we pick a point 
a,- G Sj. As Un>i fn(Sj) is relatively compact, by passing to a subsequence 
we can assume that each sequence {f n ( a j)}n is convergent and we denote 
by Xj its limit. We have that (it o p o f n )\s- converges uniformly to g\Sj and 
(*°P°fn)(Sj) C Y\{y }, g(Sj) C Y\{y }. Because tt : X\L Y\{y Q } is a 
biholomorphism we deduce that {p°f n )\s converges uniformly to ( y 7T~ 1 og)\ S .. 
Note now that (p o / n )|s- is in fact a null-homotopic loop. It follows from 
Lemma[T]that (n^ 1 o g)\ Sj is null-homotopic as well and therefore there exists 

a loop jj : Sj X such that v° lj — i 71 ^ 1 ° d) on From Lemma [3] we 
conclude that f n converges uniformly to 7j on Sj . Finally Lemma H] implies 
that [J f n (Aj) is relatively compact for every j = 1, . . . , s. □ 
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